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Abstract
Working to lowest non-trivial order in fermions, we consider the four-derivative order cor-
rected Lagrangian and supersymmetry transformations of the Euclidean Bagger-Lambert-
Gustavsson theory. By demonstrating supersymmetric invariance of the Lagrangian we
determine all numerical coefficients in the system. In addition, the supersymmetry algebra
is shown to close on the scalar and gauge fields. We also comment on the extension to
Lorentzian and other non-Euclidean N = 8 3-algebra theories.
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1 Introduction
The bosonic effective action for a single M2-brane [1] in static gauge and in a flat background with zero
flux, is given by the abelian DBI action
SM2 =− TM2
∫
d3x
√
−det(ηµν + ∂µxI∂νxI) . (1.1)
The terms in the integral can be expanded as a power series in (∂x)2 that is, a higher derivative
expansion. After canonically renormalising the eight scalars so that XI = xI
√
TM2, the leading order
and next to leading order terms in the expansion are
SM2 =
∫
d3x − 1
2
∂µX
I∂µXI
+
∫
d3x
1
TM2
(
+
1
4
∂µX
I∂µXJ∂νX
I∂νXJ − 1
8
∂µX
I∂µXI∂νX
J∂νXJ
)
(1.2)
+ . . . ,
where we have ignored a constant and the ellipsis denotes terms O((1/TM2)2) and higher.
The generalisation of the fully supersymmetric leading order M2-brane action to multiple M2-branes
was first constructed by Bagger and Lambert [2][3][4] and independently by Gustavsson [5]. The Bagger-
Lambert-Gustavsson (BLG) theory of M2-branes is an N = 8 supersymmetric field theory which is
invariant under an SO(8) R-symmetry. The original formulation of the theory required the use of
an algebraic structure called a Euclidean 3-algebra and is now known to describe, in some cases, two
M2-branes [6][7][8]. Wider classes of Lorentzian and other non-Euclidean 3-algebra theories exist in the
literature [9]-[14], however their status as multiple M2-brane theories is unclear. Subsequent research has
shown that the appropriate generalisation of the leading order term to arbitrary numbers of M2-branes
is given by the ABJM theory [15].
There have been several papers which aim to determine the next to leading order i.e. the 1/TM2
higher derivative corrections to multiple M2-branes. It is known [16][17][18] that in three dimensions
a non-abelian 2-form is dual to a scalar field. In [19] this dualisation was applied to 3D super-Yang-
Mills (the effective worldvolume theory of multiple D2-branes) and it was shown that it could be re-
written as an SO(8) invariant Lorentzian 3-algebra theory. Three-dimensional SYM arises simply by
the appropriate dimensional reduction of 10D SYM and the higher derivative corrections to this have
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been uniquely determined (including quartic fermions in the Lagrangian) by superspace considerations
in [20][21] and independently in [22] by calculating open-string scattering amplitudes. The first higher
derivative corrections to the 10D SYM Lagrangian and supersymmetry transformations arise at order
α′2 and the same is true in the reduction to three-dimensions. In [23] the authors applied the analysis
of [19] to the α′2 corrections of the 3D SYM Lagrangian. The resulting SO(8) invariant, Lorentzian
3-algebra formulation features only 3-brackets and covariant derivatives of the scalar and fermion fields.
This lead to the conjecture that higher derivative corrections to the Euclidean BLG theory would be
structurally identical to the Lorentzian theory and only feature 3-brackets and covariant derivatives.
A different approach was considered in [24]. Here the most general 1/TM2 higher derivative M2-brane
Lagrangian with arbitrary coefficients was considered. Then, using the ‘novel Higgs mechanism’ [25]
this was reduced uniquely to the four-derivative order correction of the D2-brane effective worldvolume
theory. The results of [24] applied both to the Euclidean BLG theory and Lorentzian 3-algebra theories
and confirmed the conjecture of [23]. Other attempts to construct the full non-linear action for multiple
M2-branes include [26][27][28].
The higher derivative corrected 3-algebra Lagrangians of [23][24] are expected to possess maximal
supersymmetry although this was not verified in either case. An attempt to determine next order
corrections to the supersymmetry transformations was made in [29]. Here Low applied the analysis of
[19] and [23] at the level of the multiple D2-brane supersymmetry transformations. It was found that the
α′2 corrections to the fermion supersymmetry could be written in an SO(8) fashion but that the scalar
transformation could not be. The gauge field supervariation was not considered. By taking an abelian
truncation of the higher derivative Lorentzian 3-algebra action and showing it was supersymmetric, Low
was able to partially determine the higher derivative scalar supersymmetry transformation.
As it is not possible to derive higher derivative SO(8) invariant 3-algebra valued supersymmetries
from the multiple D2-brane ones by the 2-form/scalar dualisation approach, it seems the only way to
unequivocally determine them is to examine the full supervariation of the higher derivative Lagrangian
and by closing the superalgebra. This is the approach we will take here, focussing solely on the Euclidean
BLG theory of [24].
The rest of the paper is as follows. In Section 2 we will give a brief overview of the BLG model of
M2-branes. Our results are contained in Section 3; here we revisit the higher derivative action of [24] and
introduce our ansatz for the 1/TM2 corrections to the Euclidean BLG supersymmetry transformations.
We determine all arbitrary coefficients in the system by examining the supervariation of the higher
derivative Lagrangian for Euclidean BLG. In addition the supersymmetry algebra is shown to close on
the scalar and gauge fields for the coefficients we find. Our conclusions can be found in Section 4 where
we also comment on the extension to non-Euclidean theories and offer suggestions for further work.
2 Overview of BLG
We begin with a brief overview1 of the BLG worldvolume theory of multiple M2-branes as presented
in Ref. [3]. As we have already noted, the BLG theory is a three-dimensional SCFT with N = 8
supersymmetry and an SO(8) R-symmetry. Its field content consists of eight scalar fields, XI , which
parameterise directions transverse to the M2-brane worldvolume, fermions ψ and a non-dynamical gauge
field Aµ. The fields take values in an n-dimensional real 3-algebra which we take to be spanned by a
basis T a, a = 1, . . . , n. The 3-algebra is equipped with a totally anti-symmetric 3-bracket which defines
the structure constants fabcd:
[T a, T b, T c] = fabcdT
d . (2.1)
The structure constants inherit the total anti-symmetry of the 3-bracket so that
fabcd = f
[abc]
d . (2.2)
1Detailed reviews of multiple M2-brane theories can be found in [30] and [31].
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The 3-bracket generates a gauge symmetry whose action on an arbitrary 3-algebra element Y = YaT
a
is
δY = [α, β, Y ] , (2.3)
where α and β are two other elements of the 3-algebra. Requiring that this gauge symmetry acts as a
derivation leads to the fundamental identity
fefgdf
abc
g = f
efa
gf
bcg
d + f
efb
gf
cag
d + f
efc
gf
abg
d i.e. f
[abc
gf
d]efg = 0 . (2.4)
There is also an inner product on the 3-algebra which is symmetric and linear in both its entries and
acts as a metric on the gauge indices. It is defined by
hab = Tr(T aT b) . (2.5)
For any two 3-algebra elements Y and Z their inner product Tr(Y Z) is required to be invariant under
the gauge transformation (2.3). In basis form this leads to
Tr([T a, T b, T c]T d) = −Tr(T a[T b, T c, T d]) i.e. he(dfa)bce = 0 , (2.6)
which together with Eq. (2.2) implies f [abcd] = 0.
Real 3-algebras may to classified according to the signature of hab. When the inner product has
one or more time-like directions there exist infinite families of 3-algebras. These are the Lorentzian
3-algebras of [9][10][11] and the multiple time-like 3-algebras of [12][13][14]. For Euclidean signature
where hab ∝ δab, there is a unique (up to direct sums) finite-dimensional 3-algebra [32][33][34]. In this
case the structure constants are given by [3]
fabcd = 2pik ε
abcd , (2.7)
with a, b, c, d ∈ {1, 2, 3, 4} and k is the integer Chern-Simons level [4]. Hence the gauge algebra is
su(2)× su(2) = so(4). Whilst there is a single 3-algebra and Lagrangian associated with the Euclidean
theory there are two inequivalent gauge groups given by either SU(2)× SU(2) = Spin(4) or (SU(2)×
SU(2))/Z2 = SO(4) [8]. We will refer to this 3-algebra as A4 and the theory as the A4 or Euclidean
BLG theory. Investigation of the moduli space of the Euclidean BLG theory [6][7][8] identifies it as the
worldvolume theory for a pair of M2-branes propagating in an orbifold characterised by the level k.
The lowest order multiple M2-brane supersymmetry transformations are,
δXIa = iǫ¯Γ
Iψa , (2.8)
δA˜µ
b
a = iǫ¯ΓµΓIX
I
cψdf
cdb
a , (2.9)
δψa = Γ
µΓIǫDµX
I
a − 16ΓIJKǫXIbXJc XKd f cdba , (2.10)
where A˜µ
b
a = Aµ cdf
cdb
a and DµX
I
a = ∂µX
I
a − A˜µbaXIb . The commutator of two supersymmetries on
the fields gives
[δ1, δ2]X
I
a =− 2i(ǫ¯2Γµǫ1)DµXIa − i(ǫ¯2ΓJKǫ1)XJc XKd XIb f cdba , (2.11)
[δ1, δ2]A˜µ
b
a =+ 2i(ǫ¯2Γ
νǫ1)εµνλ
(
XIcD
λXId +
i
2 ψ¯cΓ
λψd
)
f cdba
− 2i(ǫ¯2ΓIJǫ1)XIcDµXJd f cdba , (2.12)
[δ1, δ2]ψa =− 2i(ǫ¯2Γµǫ1)Dµψa − i(ǫ¯2ΓIJ ǫ1)XIcXJd ψbf cdba
+ i(ǫ¯2Γνǫ1)Γ
ν
(
ΓµDµψa +
1
2ΓIJX
I
cX
J
d ψbf
cdb
a
)
− i4 (ǫ¯2ΓKLǫ1)ΓKL
(
ΓµDµψa +
1
2ΓIJX
I
cX
J
d ψbf
cdb
a
)
. (2.13)
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Hence the supersymmetries close on to translations and gauge transformations after imposing the fol-
lowing equations of motion
EAλab =
1
2ε
µνλF˜µν
b
a −
(
XIcD
λXId +
i
2 ψ¯cΓ
λψd
)
f cdba = 0 , (2.14)
Eψ¯a = Γ
µDµψa +
1
2ΓIJX
I
cX
J
d ψbf
cdb
a = 0 , (2.15)
where F˜µν
b
a = ∂νA˜µ
b
a− ∂µA˜νba+ A˜νbcA˜µca− A˜µbcA˜νca is a gauge field strength. The scalar equation
of motion:
EXIa = D
2XIa − i2 ψ¯cΓIJXJd ψbf cdba + 12f bcdafefgdXJb XKc XIeXJf XKg = 0 , (2.16)
can be identified by taking the supervariation of the fermion equation of motion. The supersymmetric
Lagrangian which gives rise to these field equations is
LBLG =Tr
(− 12DµXIDµXI − 112 [XI , XJ , XK ][XI , XJ , XK ] + i2 ψ¯ΓµDµψ + i4 ψ¯ΓIJ [XI , XJ , ψ])
+ 12ε
µνλ
(
fabcdAµab∂νAλcd +
2
3f
cda
gf
efgbAµabAνcdAλef
)
. (2.17)
3 Higher Derivative Lagrangian and Supersymmetries
We begin with the most general four-derivative order Lagrangian as considered in [24], to lowest non-
trivial order in fermions
LT−1
M2
= 1TM2STr
{
+ aDµXIDµX
JDνXJDνX
I + bDµXIDµX
IDνXJDνX
J
+ c εµνλXIJKDµX
IDνX
JDλX
K
+ dXIJKXIJLDµXKDµX
L + eXIJKXIJKDµXLDµX
L
+ f XIJKXIJKXLMNXLMN + gXIJKXIJLXKMNXLMN
+ idˆ ψ¯ΓµΓIJDνψDµX
IDνX
J + ieˆ ψ¯ΓµDνψDµX
IDνX
I
+ ifˆ ψ¯ΓIJKLDνψ XIJKDνX
L + igˆ ψ¯ΓIJDνψ XIJKDνX
K
+ ihˆ ψ¯ΓIJ [XJ , XK , ψ]DµXIDµX
K
+ iˆi ψ¯Γµν [XI , XJ , ψ]DµX
IDνX
J + iˆj ψ¯ΓµνΓIJ [XJ , XK , ψ]DµX
IDνX
K
+ ikˆ ψ¯ΓµΓIJ [XK , XL, ψ]DµX
IXJKL + iˆl ψ¯Γµ[XI , XJ , ψ]DµX
KXIJK
+ imˆ ψ¯ΓµΓIJKL[XL, XM , ψ]DµX
MXIJK + inˆ ψ¯ΓµΓIJ [XK , XL, ψ]DµX
LXIJK
+ ioˆ ψ¯ΓIJKL[XM , XN , ψ]XIJLXKMN + ipˆ ψ¯ΓIJ [XK , XL, ψ]XIJMXKLM
}
. (3.1)
We have adopted the notation XIJK := [XI , XJ , XK ] which we will use to save space wherever possible.
Let us make some comments on this Lagrangian. The symmetrised trace of four basis elements of the
A4 3-algebra is given by STr
{
T aT bT cT d
}
= dabcd and is totally symmetric and linear in its four entries.
Next, we require that each term within this higher derivative Lagrangian is gauge invariant. Acting on
a generic four-derivative order term with the gauge transformation (2.3) we see that this requirement
leads to
STr
{
[α, β, Y1]Y2Y3Y4 + Y1[α, β, Y2]Y3Y4 + Y1Y2[α, β, Y3]Y4 + Y1Y2Y3[α, β, Y4]
}
= 0 , (3.2)
where Y1, . . . , Y4 are arbitrary fields. In basis form this symmetrised trace invariance condition reads
dabcdfefga + d
aecdf bfga + d
abedf cfga + d
abcefdfga = 0 i.e. d
a(bcdfe)fga = 0 , (3.3)
and can be seen as a generalisation of the trace invariance property: ha(bfe)fga = 0.
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There are further identities we can construct using the symmetrised trace. To start with we note
that due to their simple nature the structure constants of the A4 3-algebra satisfy
f [abcdfe]fgh = 0 i.e. fabcdfefgh = +f bcedfafgh − f ceadf bfgh + feabdf cfgh − feabcfdfgh . (3.4)
We can combine this identity with the symmetrised trace to find
STr
{
TdThTiTj
}
fabcdfefgh =STr
{
TdThTiTj
}
(f bcedfafgh − f ceadf bfgh + feabdf cfgh) , (3.5)
where the final term, STr
{
TdThTiTj
}
feabcfdfgh, vanishes because of symmetry/anti-symmetry under
d↔ h. Contracting the gauge indices with the fields leads to the following identities
STr
{
αβ XI1I2I3XJ1J2J3
}
= STr
{
αβ
(
XJ1I2I3XI1J2J3 +XI1J1I3XI2J2J3 +XI1I2J1XI3J2J3
)}
, (3.6)
STr
{
αβ [XI1 , XI2 , γ]XJ1J2J3
}
= STr
{
αβ
(
[XJ1 , XI2 , γ]XI1J2J3+[XI1 , XJ1 , γ]XI2J2J3
+[XJ2 , XJ3, γ]XI1I2J1
)}
, (3.7)
where α, β and γ are arbitrary fields and I1, J1, . . . are transverse Lorentz indices.
The starting ansatz for the four-derivative order Lagrangian can be simplified using these identities.
Equation (3.6) shows that the f and g terms in L1/TM2 are proportional to each other. The same
equation, together with anti-symmetry in the Γ-matrix indices, tells us that the term in L1/TM2 with
coefficient oˆ is identically zero. Similarly, the term with coefficient mˆ is identically zero through the use
of Eq. (3.7). We subsequently drop the terms with coefficients g, mˆ and oˆ to leave
LT−1
M2
= 1TM2STr
{
+ aDµXIDµX
JDνXJDνX
I + bDµXIDµX
IDνXJDνX
J
+ c εµνλXIJKDµX
IDνX
JDλX
K
+ dXIJKXIJLDµXKDµX
L + eXIJKXIJKDµXLDµX
L
+ f XIJKXIJKXLMNXLMN
+ idˆ ψ¯ΓµΓIJDνψDµX
IDνX
J + ieˆ ψ¯ΓµDνψDµX
IDνX
I
+ ifˆ ψ¯ΓIJKLDνψ XIJKDνX
L + igˆ ψ¯ΓIJDνψ XIJKDνX
K
+ ihˆ ψ¯ΓIJ [XJ , XK , ψ]DµXIDµX
K
+ iˆi ψ¯Γµν [XI , XJ , ψ]DµX
IDνX
J + iˆj ψ¯ΓµνΓIJ [XJ , XK , ψ]DµX
IDνX
K
+ ikˆ ψ¯ΓµΓIJ [XK , XL, ψ]DµX
IXJKL + iˆl ψ¯Γµ[XI , XJ , ψ]DµX
KXIJK
+ inˆ ψ¯ΓµΓIJ [XK , XL, ψ]DµX
LXIJK
+ ipˆ ψ¯ΓIJ [XK , XL, ψ]XIJMXKLM
}
. (3.8)
We now give the general starting point for the 1/TM2 higher derivative corrections to the N = 8
supersymmetry transformations which are consistent with mass dimension, 3-algebra index structure,
parity under Γ012 and Lorentz invariance. We assume that the higher derivative scalar and fermion
supersymmetry transformations are built out of ψ, DX and [X,X,X ] only. In particular, as the Chern-
Simons term in LBLG does not receive higher derivative corrections, the gauge field strength is not
present in the 1/TM2 supersymmetries. The gauge field variation additionally requires the presence of
a ‘bare’ scalar field.
Our ansatz for the scalar supersymmetry transformation, to lowest order in fermions, is
δ′XIa =
1
TM2
(
δ′2DXX
I
a + δ
′
1DXX
I
a + δ
′
0DXX
I
a
)
, (3.9)
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where
δ′2DXX
I
a =+ is1(ǫ¯Γ
IJKΓµνψb)DµX
J
c DνX
K
d d
bcd
a
+ is2(ǫ¯Γ
JΓµνψb)DµX
I
cDνX
J
d d
bcd
a
+ is3(ǫ¯Γ
Jψb)DµX
I
cD
µXJd d
bcd
a
+ is4(ǫ¯Γ
Iψb)DµX
J
c D
µXJd d
bcd
a , (3.10)
δ′1DXX
I
a =+ is5(ǫ¯Γ
IJKLMΓµψb)DµX
J
c X
KLM
d d
bcd
a
+ is6(ǫ¯Γ
KLMΓµψb)DµX
I
cX
KLM
d d
bcd
a
+ is7(ǫ¯Γ
JLMΓµψb)DµX
J
c X
ILM
d d
bcd
a
+ is8(ǫ¯Γ
ILMΓµψb)DµX
J
c X
JLM
d d
bcd
a
+ is9(ǫ¯Γ
MΓµψb)DµX
J
c X
IJM
d d
bcd
a , (3.11)
δ′0DXX
I
a =+ is10(ǫ¯Γ
Iψb)X
JKL
c X
JKL
d d
bcd
a
+ is11(ǫ¯Γ
Lψb)X
JKL
c X
JKI
d d
bcd
a . (3.12)
The ansatz for the fermion supersymmetry transformation is
δ′ψa =
1
TM2
(δ′3DXψa + δ
′
2DXψa + δ
′
1DXψa + δ
′
0DXψa) , (3.13)
where
δ′3DXψa =+ f1Γ
JKLΓµνλǫDµX
J
b DνX
K
c DλX
L
d d
bcd
a
+ f2Γ
KΓµǫDµX
J
b DνX
J
c D
νXKd d
bcd
a
+ f3Γ
KΓµǫDµX
K
b DνX
J
c D
νXJd d
bcd
a , (3.14)
δ′2DXψa =+ f4Γ
JKLMNΓµνǫDµX
J
b DνX
K
c X
LMN
d d
bcd
a
+ f5Γ
KLMΓµνǫDµX
J
b DνX
K
c X
JLM
d d
bcd
a
+ f6Γ
MΓµνǫDµX
J
b DνX
K
c X
JKM
d d
bcd
a
+ f7Γ
KLMǫDµX
J
b D
µXJc X
KLM
d d
bcd
a
+ f8Γ
KLMǫDµX
J
b D
µXKc X
JLM
d d
bcd
a , (3.15)
δ′1DXψa =+ f9Γ
JΓµǫDµX
J
b X
KLM
c X
KLM
d d
bcd
a
+ f10Γ
MΓµǫDµX
J
b X
JKL
c X
KLM
d d
bcd
a , (3.16)
δ′0DXψa =+ f11Γ
NOP ǫXJKLb X
JKL
c X
NOP
d d
bcd
a . (3.17)
Finally, the ansatz for the gauge field variation, again to lowest order in fermions, is
δ′A˜µ
b
a =
1
TM2
(
δ′2DXA˜µ
b
a + δ
′
1DXA˜µ
b
a + δ
′
0DXA˜µ
b
a
)
, (3.18)
where
δ′2DXA˜µ
b
a =+ ig1(ǫ¯ΓµΓ
Iψe)DνX
J
f D
νXJg X
I
c d
efg
df
cdb
a
+ ig2(ǫ¯Γ
νΓIψe)DµX
J
f DνX
J
g X
I
c d
efg
df
cdb
a
6
+ ig3(ǫ¯Γ
νΓJψe)DµX
J
fDνX
I
gX
I
c d
efg
df
cdb
a
+ ig4(ǫ¯Γ
νΓJψe)DµX
I
fD
νXJg X
I
c d
efg
df
cdb
a
+ ig5(ǫ¯ΓµΓ
Jψe)DνX
J
fD
νXIgX
I
c d
efg
df
cdb
a
+ ig6(ǫ¯ΓµνλΓ
Jψe)D
νXJf D
λXIgX
I
c d
efg
df
cdb
a
+ ig7(ǫ¯ΓµνλΓ
IJKψe)D
νXJf D
λXKg X
I
c d
efg
df
cdb
a
+ ig8(ǫ¯Γ
νΓIJKψe)DµX
J
f D
νXKg X
I
c d
efg
df
cdb
a , (3.19)
δ′1DXA˜µ
b
a =+ ig9(ǫ¯ΓµνΓ
KLMψe)D
νXIfX
KLM
g X
I
c d
efg
df
cdb
a
+ ig10(ǫ¯ΓµνΓ
JLMψe)D
νXJf X
ILM
g X
I
c d
efg
df
cdb
a
+ ig11(ǫ¯ΓµνΓ
Mψe)D
νXJf X
IJM
g X
I
c d
efg
df
cdb
a
+ ig12(ǫ¯Γ
KLMψe)DµX
I
fX
KLM
g X
I
c d
efg
df
cdb
a
+ ig13(ǫ¯Γ
JLMψe)DµX
J
fX
ILM
g X
I
c d
efg
df
cdb
a
+ ig14(ǫ¯Γ
Mψe)DµX
J
fX
IJM
g X
I
c d
efg
df
cdb
a , (3.20)
δ′0DXA˜µ
b
a =+ ig15(ǫ¯ΓµΓ
Iψe)X
JKL
f X
JKL
g X
I
c d
efg
df
cdb
a . (3.21)
There are other terms which are consistent with mass dimensions etc. that could be added to the δ′
variations however, we can apply the A4 identity f [abcdfe]fgh = 0 at the level of the supersymmetry
transformations to find
αbX
I1I2I3
c X
J1J2J3
d d
bcd
a = αb
(
XJ1I2I3c X
I1J2J3
d +X
I1J1I3
c X
I2J2J3
d +X
I1I2J1
c X
I3J2J3
d
)
dbcda , (3.22)
αeβfX
J1J2J3
g X
I
c d
efg
df
cdb
a = αeβf
(
XIJ2J3g X
J1
c +X
J1IJ3
g X
J2
c +X
J1J2I
g X
J3
c
)
defgdf
cdb
a , (3.23)
where α and β are either ψ, DX or [X,X,X ]. Using these identities it is possible to show that the
additional terms are either identically zero or proportional to terms we have already listed.
3.1 Invariance of the Lagrangian
We want to determine the coefficients for which the BLG Lagrangian together with its 1/TM2 correction
given in Eq. (3.8) is maximally supersymmetric. As the BLG Lagrangian is invariant under the lowest
order supersymmetries i.e. δLBLG = 0, the full corrected Lagrangian varies into
δ˜L = δ′LBLG + δL1/TM2 +O
(
1
(TM2)2
)
= δ˜L4 + δ˜L3 + δ˜L2 + δ˜L1 + δ˜L0 , (3.24)
where we ignore O (1/(TM2)2) terms. The subscript in δ˜Ln enumerates the total number of covariant
derivatives acting on the fields and because the terms in δ˜Ln are independent of those in any other δ˜Lm,
invariance of the full Lagrangian means each δ˜Ln must be invariant up to total derivatives.2
When we insert the higher derivative supersymmetries which are of the form δ′χa = αbβcγd d
bcd
a,
into the varied kinetic terms in δ′LBLG we find Tr is promoted to STr because
Tr(φδ′χ) = φaδ′χa = φ
aαbβcγd d
bcd
a = φaαbβcγd d
abcd = STr{φαβγ} . (3.25)
Inserting the higher derivative supersymmetries into the varied bosonic potential and Yukawa terms in
δ′LBLG requires more manipulation:
Tr(φ[λ, ϕ, δ′χ]) = φgλeϕfδ
′χaf
efag = φgλeϕfαbβcγd d
bcd
af
efag = −φgλeϕfαbβcγd dabcdfefga . (3.26)
2There is the possibility that δ˜L = 0 only after terms are removed using 1/TM2 × lowest order equations of motion
(which are O(1/T 2
M2)), in which case the different δ˜Ln are not independent. However, we find for the Euclidean theory
that invariance does not require use of the lowest order field equations.
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Using the gauge invariance condition in Eq. (3.2) we can write this as
Tr(φ[λ, ϕ, δ′χ]) = STr{φβγ[λ, ϕ, α] + φαγ[λ, ϕ, β] + φαβ[λ, ϕ, γ]} =: STr{φ[λ, ϕ, αβγ]} . (3.27)
We are now in a position where we can proceed to compute δ˜L. We start by investigating the terms
in the variation of the full corrected Lagrangian which contain four covariant derivatives. These come
from
δ˜L4 = 1TM2 STr
{
−Dµ(δ′2DXXI)DµXI + i2δ′3DX ψ¯ΓµDµψ + i2 ψ¯ΓµDµ(δ′3DXψ) + 12εµνλFνλδ′2DXA˜µ
+ 4aDµ(δXI)DµX
JDνXJDνX
I + 4bDµ(δXI)DµX
IDνXJDνX
J
+ idˆ δ1DX ψ¯ΓµΓ
IJDνψD
µXIDνXJ + idˆ ψ¯ΓµΓ
IJDν(δ1DXψ)D
µXIDνXJ
+ ieˆ δ1DX ψ¯ΓµD
νψDµXIDνX
I + ieˆ ψ¯ΓµD
ν(δ1DXψ)D
µXIDνX
I
}
. (3.28)
Note that the gauge field strength contributes two derivatives through its definition as the commutator
of covariant derivatives. We have also split the lowest order fermion supersymmetry into δψ = δ0DXψ+
δ1DXψ with δ0DXψ = Γ
µΓIǫDµX
I and δ0DXψ = − 16ΓIJKǫXIJK . The next steps in the calculation
are to insert the appropriate supersymmetry transformations, canonically reorder ψ¯ and ǫ using the
spinor flip condition Eq. (A.7) and then commute the worldvolume Γ-matrices through the transverse
ones. Doing all this gives
δ˜L4 = 1TM2STr
{
− is1ǫ¯ΓIJKΓλµDν(ψDλXJDµXK)DνXI − is2ǫ¯ΓIΓλµDν(ψDλXJDµXI)DνXJ
− is3ǫ¯ΓIDµ(ψDνXJDνXI)DµXJ − is4ǫ¯ΓIDµ(ψDνXJDνXJ)DµXI
− i2f1ǫ¯ΓIJKΓνλρΓµDµψDνXIDλXJDρXK + i2f1ǫ¯ΓIJKΓνλρΓµψDµ(DνXIDλXJDρXK)
− i2f2ǫ¯ΓIΓλΓµDµψDλXJDνXJDνXI + i2f2ǫ¯ΓIΓλΓµψDµ(DλXJDνXJDνXI)
− i2f3ǫ¯ΓIΓλΓµDµψDλXIDνXJDνXJ + i2f3ǫ¯ΓIΓλΓµψDµ(DλXIDνXJDνXJ)
− i2g1εµρσ ǫ¯ΓIΓµψDνXJDνXJ(F˜ρσXI)− i2g2εµρσ ǫ¯ΓIΓνψDµXJDνXJ(F˜ρσXI)
− i2g3εµρσ ǫ¯ΓJΓνψDµXJDνXI(F˜ρσXI)− i2g4εµρσ ǫ¯ΓJΓνψDµXIDνXJ(F˜ρσXI)
− i2g5εµρσ ǫ¯ΓJΓµψDνXJDνXI(F˜ρσXI)− i2g6εµρσ ǫ¯ΓJΓµνλψDνXJDλXI(F˜ρσXI)
− i2g7εµρσ ǫ¯ΓIJKΓµνλψDνXJDλXK(F˜ρσXI)− i2g8εµρσ ǫ¯ΓIJKΓνψDµXJDνXK(F˜ρσXI)
+ 4ia ǫ¯ΓIDµψDµX
JDνXJDνX
I + 4ib ǫ¯ΓIDµψDµX
IDνXJDνX
J
+ idˆ ǫ¯ΓKΓIJΓλΓµDνψDµX
IDνXJDλX
K + idˆ ǫ¯ΓKΓIJΓλΓµψDν(DλX
K)DµX
IDνX
J
+ ieˆ ǫ¯ΓJΓλΓµDνψDµX
IDνX
IDλX
J − ieˆǫ¯ΓJΓλΓµψDν(DλXJ)DµXIDνXI
}
. (3.29)
After using worldvolume Γ-matrix duality (A.4) wherever εµρσ occurs and then expanding out the Γ-
matrices (this has been aided by use of Cadabra [35][36]) we find the appearance of four distinct and
independent types of Γ-matrix terms; ΓIJKΓλµ, ΓIJK , ΓIΓλµ and ΓI . We consider each of these types
in turn.
We find the ΓIJKΓλµ terms to be
1
TM2
STr
{
+ i
(
− 32f1 − s1 + dˆ
)
ǫ¯ΓIJKΓλµDνψDµX
IDνX
JDλX
K
+ i
(
+ 32f1
)
ǫ¯ΓIJKΓλµψDν(DµX
IDνX
JDλX
K)
+ i
(
−2s1 + dˆ
)
ǫ¯ΓIJKΓλµψDν(DµX
I)DνX
JDλX
K
+ i (−g8) ǫ¯ΓIJKΓλµψDµXIDνXJ(F˜νλXK)
}
. (3.30)
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The first two lines combine to form a total derivative if they share the same coefficient. Hence we require
− 32f1 − s1 + dˆ = + 32f1. The two remaining terms are invariant if s1 = + 12 dˆ and g8 = 0. The value for
s1 allows us to identify f1 = +
1
6 dˆ.
The ΓIJK terms are
1
TM2
STr
{
− idˆ ǫ¯ΓIJKψDµ(DνXK)DµXIDνXJ + ig7 ǫ¯ΓIJKψDνXJDλXK(F˜νλXI)
}
(3.31)
= 1TM2 STr
{
+ i(−dˆ+ 2g7)ǫ¯ΓIJKψDµ(DνXK)DµXIDνXJ
}
, (3.32)
where we have made use of the definition F˜µνX = [Dµ, Dν ]X and relabelled dummy Lorentz indices.
Invariance of the ΓIJK terms then follows if g7 = +
1
2 dˆ.
After some manipulation the ΓIΓλµ terms are
1
TM2
STr
{
+ i
(− 12f2) ǫ¯ΓIΓλµDµψDλXJDνXJDνXI
+ i
(− 12f2) ǫ¯ΓIΓλµψDµ(DλXJ)DνXJDνXI
+ i
(
+ 12f2 − dˆ
)
ǫ¯ΓIΓλµψDλX
JDµ(DνX
J)DνXI
+ i
(
+ 12f2 + eˆ− s2
)
ǫ¯ΓIΓλµψDλX
JDνX
JDµ(D
νXI)
+ i
(− 12f3) ǫ¯ΓIΓλµDµψDλXIDνXJDνXJ
+ i
(− 12f3) ǫ¯ΓIΓλµψDµ(DλXI)DνXJDνXJ
+ i
(
+ 12f3 +
1
2 dˆ+
1
2s2
)
ǫ¯ΓIΓλµψDλX
IDµ(DνX
JDνXJ)
+ i
(
−dˆ− eˆ− s2
)
ǫ¯ΓIΓλµDνψDµX
IDνX
JDλX
J
+ i
(
+ 12f2 +
1
2g3 +
1
2g4 +
1
2g5
)
ǫ¯ΓIΓλµψ(F˜µλX
J)DνXIDνX
J
+ i
(
+ 12f3 +
1
2g1 +
1
2g2
)
ǫ¯ΓIΓλµψ(F˜µλX
I)DνX
JDνXJ
+ i
(
−dˆ− s2 − g3
)
ǫ¯ΓIΓλµψ(F˜µνX
J)DλX
IDνXJ
+ i (−eˆ+ s2 − g2) ǫ¯ΓIΓλµψ(F˜µνXI)DλXJDνXJ
+ i
(
+dˆ− g4
)
ǫ¯ΓIΓλµψ(F˜µνX
J)DνXIDλX
J
}
. (3.33)
The first seven lines can be written as two distinct total derivatives provided
− 12f2 = + 12f2 − dˆ = + 12f2 + eˆ− s2 , (3.34)
− 12f3 = + 12f3 + 12 dˆ+ 12s2 . (3.35)
The remaining terms vanish if
0 =− dˆ− eˆ− s2 , (3.36)
0 = + 12f2 +
1
2g3 +
1
2g4 +
1
2g5 , (3.37)
0 = + 12f3 +
1
2g1 +
1
2g2 , (3.38)
0 =− dˆ− s2 − g3 , (3.39)
0 =− eˆ+ s2 − g2 , (3.40)
0 = + dˆ− g4 . (3.41)
The solution to these simultaneous equations is
f2 = +dˆ , f3 = − 12 dˆ , s2 = 0 , eˆ = −dˆ , (3.42)
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g1 = − 12 dˆ , g2 = +dˆ , g3 = −dˆ , g4 = +dˆ , g5 = −dˆ . (3.43)
Finally, the ΓI terms can be manipulated to arrive at
1
TM2
STr
{
+ i
(
− 12f2 − s3 + 4a− dˆ+ eˆ
)
ǫ¯ΓIDµψDνXIDµX
JDνX
J
+ i
(
+ 12f2 − s3 − eˆ
)
ǫ¯ΓIψDµ(DνXI)DµX
JDνX
J
+ i
(
+ 12f2
)
ǫ¯ΓIψDνXIDµ(DµX
J)DνX
J
+ i
(
+ 12f2 − s3 − g6 − dˆ
)
ǫ¯ΓIψDνXIDµX
JDµ(DνX
J)
+ i
(
− 12f3 − s4 + 4b+ dˆ
)
ǫ¯ΓIDµψDµX
IDνX
JDνXJ
+ i
(
+ 12f3
)
ǫ¯ΓIψDµ(DµX
I)DνX
JDνXJ
+ i
(
+ 12f3 − s4 + 12g6 + 12 dˆ
)
ǫ¯ΓIψDµX
IDµ(DνX
JDνXJ)
}
. (3.44)
We see that the first four lines combine to form a total derivative if
− 12f2 − s3 + 4a− dˆ+ eˆ = + 12f2 − s3 − eˆ = + 12f2 = + 12f2 − s3 − g6 − dˆ . (3.45)
The last three lines form another total derivative provided
− 12f3 − s4 + 4b+ dˆ = + 12f3 = + 12f3 − s4 + 12g6 + 12 dˆ . (3.46)
Using the values for f2, f3 and eˆ in Eq. (3.42) we can solve these latest simultaneous equations to
discover
s3 = +dˆ , s4 = − 12 dˆ , g6 = −2dˆ , a = +dˆ , b = − 12 dˆ . (3.47)
To summarise, the four covariant derivative terms L˜4 are invariant up to boundary terms if the
coefficients in the Lagrangian and supersymmetry transformations are given by
a = +dˆ , b = − 12 dˆ , eˆ = −dˆ , (3.48)
f1 = +
1
6 dˆ , f2 = +dˆ , f3 = − 12 dˆ , (3.49)
s1 = +
1
2 dˆ , s2 = 0 , s3 = +dˆ , s4 = − 12 dˆ , (3.50)
g1 = − 12 dˆ , g2 = +dˆ , g3 = −dˆ , g4 = +dˆ ,
g5 = −dˆ , g6 = −2dˆ , g7 = + 12 dˆ , g8 = 0 . (3.51)
The coefficients in Eqs. (3.49) and (3.50) satisfy the relations previously found by Low [29].
We now consider the terms in δ′LBLG+δL1/TM2 which contain a total of three covariant derivatives.
These are,
δ˜L3 = 1TM2 STr
{
−Dµ(δ′1DXXI)DµXI + δ′2DXA˜µXIDµXI
+ i2δ
′
2DX ψ¯Γ
µDµψ +
i
2 ψ¯Γ
µDµ(δ
′
2DXψ)
+ i4δ
′
3DX ψ¯ΓIJ [X
I , XJ , ψ] + i4 ψ¯ΓIJ [X
I , XJ , δ′3DXψ]
+ 12ε
µρσFρσδ
′
1DXA˜µ
− 4a δA˜µXIDµXJDνXJDνXI − 4b δA˜µXIDµXIDνXJDνXJ
+ 3c εµνλ [δXI , XJ , XK ]DµX
IDνX
JDλX
K + 3c εµνλXIJKDµ(δX
I)DνX
JDλX
K
+ idˆ δ0DX ψ¯ΓµΓ
IJDνψD
µXIDνXJ + idˆ ψ¯ΓµΓ
IJDν(δ0DXψ)D
µXIDνXJ
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+ ieˆ δ0DX ψ¯ΓµD
νψDµXIDνX
I + ieˆ ψ¯ΓµD
ν(δ0DXψ)D
µXIDνX
I
+ ifˆ δ1DX ψ¯Γ
IJKLDνψ X
IJKDνXL + ifˆ ψ¯ΓIJKLDν(δ1DXψ)X
IJKDνXL
+ igˆ δ1DX ψ¯Γ
IJDνψ X
IJKDνXK + igˆ ψ¯ΓIJDν(δ1DXψ)X
IJKDνXK
+ ihˆ δ1DX ψ¯Γ
IJ [XJ , XK , ψ]DµXIDµX
K + ihˆ ψ¯ΓIJ [XJ , XK , δ1DXψ]D
µXIDµX
K
+ iˆi δ1DX ψ¯Γ
µν [XI , XJ , ψ]DµX
IDνX
J + iˆi ψ¯Γµν [XI , XJ , δ1DXψ]DµX
IDνX
J
+ iˆj δ1DX ψ¯ΓµνΓ
IJ [XJ , XK , ψ]DµXIDνXK
+ iˆj ψ¯ΓµνΓ
IJ [XJ , XK , δ1DXψ]D
µXIDνXK
}
. (3.52)
Once again we insert the appropriate supersymmetry transformations, canonically reorder ψ¯ and ǫ using
the spinor flip condition Eq. (A.7) and then commute the worldvolume Γ-matrices through the transverse
ones. The result is
1
TM2
STr
{
− is5ǫ¯ΓIJKLMΓµDν(ψDµXJXKLM )DνXI − is6ǫ¯ΓKLMΓµDν(ψDµXIXKLM )DνXI
− is7ǫ¯ΓJLMΓµDν(ψDµXJXILM)DνXI − is8ǫ¯ΓILMΓµDν(ψDµXJXJLM )DνXI
− is9ǫ¯ΓMΓµDν(ψDµXJXIJM )DνXI
− ig1ǫ¯ΓJΓµψ[XJ , XI , DµXI ]DνXKDνXK − ig2ǫ¯ΓJΓνψ[XJ , XI , DµXI ]DµXKDνXK
− ig3ǫ¯ΓJΓνψ[XK , XI , DµXI ]DµXJDνXK − ig4ǫ¯ΓJΓνψ[XK , XI , DµXI ]DµXKDνXJ
− ig5ǫ¯ΓJΓµψ[XK , XI , DµXI ]DνXJDνXK − ig6ǫ¯ΓJΓµνλψ[XK , XI , DµXI ]DνXJDλXK
− ig7ǫ¯ΓJKLΓµνλψ[XJ , XI , DµXI ]DνXKDλXL − ig8ǫ¯ΓJKLΓνψ[XJ , XI , DµXI ]DµXKDνXL
+ i2f4ǫ¯Γ
IJKLMΓνλΓµDµψDνX
IDλX
JXKLM − i2f4ǫ¯ΓIJKLMΓνλΓµψDµ(DνXIDλXJXKLM)
− i2f5ǫ¯ΓKLMΓνλΓµDµψDνXJDλXKXJLM + i2f5ǫ¯ΓKLMΓνλΓµψDµ(DνXJDλXKXJLM)
+ i2f6ǫ¯Γ
MΓνλΓµDµψDνX
JDλX
KXJKM − i2f6ǫ¯ΓMΓνλΓµψDµ(DνXJDλXKXJKM )
+ i2f7ǫ¯Γ
KLMΓµDµψDνX
JDνXJXKLM − i2f7ǫ¯ΓKLMΓµψDµ(DνXJDνXJXKLM)
+ i2f8ǫ¯Γ
KLMΓµDµψDνX
JDνXKXJLM − i2f8ǫ¯ΓKLMΓµψDµ(DνXJDνXKXJLM)
− i4f1ǫ¯ΓKLMΓIJΓµνλ[XI , XJ , ψ]DµXKDνXLDλXM
+ i4f1ǫ¯Γ
KLMΓIJΓµνλψ[XI , XJ , DµX
KDνX
LDλX
M ]
− i4f2ǫ¯ΓKΓIJΓµ[XI , XJ , ψ]DµXLDνXLDνXK + i4f2ǫ¯ΓKΓIJΓµψ[XI , XJ , DµXLDνXLDνXK ]
− i4f3ǫ¯ΓKΓIJΓµ[XI , XJ , ψ]DµXKDνXLDνXL + i4f3ǫ¯ΓKΓIJΓµψ[XI , XJ , DµXKDνXLDνXL]
+ i2g9ε
µρσ ǫ¯ΓKLMΓµνψD
νXIXKLM(F˜ρσX
I) + i2g10ε
µρσ ǫ¯ΓJLMΓµνψD
νXJXILM (F˜ρσX
I)
+ i2g11ε
µρσ ǫ¯ΓMΓµνψD
νXJXIJM (F˜ρσX
I) + i2g12ε
µρσ ǫ¯ΓKLMψDµX
IXKLM(F˜ρσX
I)
+ i2g13ε
µρσ ǫ¯ΓJLMψDµX
JXILM (F˜ρσX
I) + i2g14ε
µρσ ǫ¯ΓMψDµX
JXIJM (F˜ρσX
I)
− 4ia ǫ¯ΓKΓµ[XK , XI , ψ]DµXJDνXJDνXI − 4ib ǫ¯ΓKΓµ[XK , XI , ψ]DµXIDνXJDνXJ
+ 3ic εµνλ ǫ¯ΓI [ψ,XJ , XK ]DµX
IDνX
JDλX
K + 3ic εµνλ ǫ¯ΓIDµψDνX
JDλX
KXIJK
− idˆ6 ǫ¯ΓKLMΓIJΓµDνψDµXIDνXJXKLM − idˆ6 ǫ¯ΓKLMΓIJΓµψDν(XKLM )DµXIDνXJ
− ieˆ6 ǫ¯ΓKLMΓµDνψDµXIDνXIXKLM + ieˆ6 ǫ¯ΓKLMΓµψDν(XKLM )DµXIDνXI
+ ifˆ ǫ¯ΓMΓIJKLΓµDνψX
IJKDνXLDµX
M + ifˆ ǫ¯ΓMΓIJKLΓµψDν(DµX
M )XIJKDνXL
+ igˆ ǫ¯ΓLΓIJΓµDνψX
IJKDνXKDµX
L − igˆ ǫ¯ΓLΓIJΓµψDν(DµXL)XIJKDνXK
+ ihˆ ǫ¯ΓLΓIJΓµ[XJ , XK , ψ]DνXIDνX
KDµX
L − ihˆ ǫ¯ΓLΓIJΓµψ[XJ , XK , DµXL]DνXIDνXK
+ iˆi ǫ¯ΓKΓλΓµν [XI , XJ , ψ]DµX
IDνX
JDλX
K − iˆi ǫ¯ΓKΓλΓµνψ[XI , XJ , DλXK ]DµXIDνXJ
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+ iˆj ǫ¯ΓLΓIJΓλΓµν [XJ , XK , ψ]DµX
IDνX
KDλX
L
+ iˆj ǫ¯ΓLΓIJΓλΓµνψ[XJ , XK , DλX
L]DµX
IDνX
K
}
. (3.53)
We have omitted the calculations due to their length however, after using worldvolume dualisation
and performing the Γ-matrix algebra to we find all the terms in δ˜L3 can be assembled into total
derivatives or made to vanish through the gauge invariance condition in Eq. (3.2). As in δ˜L4, this
requires the coefficients to satisfy certain constraints. Using the coefficient data from δ˜L4 we can solve
these additional simultaneous equations to find that δ˜L3 is invariant if
c = + 23 dˆ , fˆ = +
1
6 dˆ , gˆ = − 12 dˆ , hˆ = +dˆ , iˆ = −dˆ , jˆ = −dˆ , (3.54)
f4 = +
1
12 dˆ , f5 = 0 , f6 = − 32 dˆ , f7 = − 112 dˆ , f8 = + 12 dˆ , (3.55)
s5 = +
1
6 dˆ , s6 = 0 , s7 = 0 , s8 = 0 , s9 = +dˆ , (3.56)
g9 = 0 , g10 = +
1
2 dˆ , g11 = 0 , g12 = 0 , g13 = 0 , g14 = +dˆ . (3.57)
Demonstrating invariance of the terms δ˜L2, δ˜L1 and δ˜L0 proceeds analogously to δ˜L4 and δ˜L3 only
now the presence of two or more 3-brackets means we can manipulate terms using the fundamental
identity Eq. (2.4) as well as the A4 identities in Eqs. (3.6) and (3.7). We find invariance of δ˜L2 is
achieved if,
d = +dˆ , e = − 16 dˆ , kˆ = + 12 dˆ , lˆ = − 12 dˆ , nˆ = − 12 dˆ , (3.58)
f9 = − 112 dˆ , f10 = + 12 dˆ , (3.59)
s10 = − 112 dˆ , s11 = + 12 dˆ , (3.60)
g15 = − 112 dˆ . (3.61)
The additional constraints from invariance of the δ˜L1 terms are pˆ = − 14 dˆ and f11 = + 172 dˆ whilst
the δ˜L0 terms require f = + 172 dˆ.
We have been able to determine all the arbitrary coefficients in the order 1/TM2 Lagrangian and
supersymmetry transformations up to a scale factor parametrised by dˆ. The numerical value for dˆ can
be fixed by reference to the action for a single M2-brane in Eq. (1.2). We have seen in moving from a
single M2-brane to multiple M2-branes the lowest order scalar kinetic terms are generalised as
− 12∂µXI∂µXI → Tr
(− 12DµXIDµXI) . (3.62)
It seems reasonable that the 1/TM2 corrections in Eq. (1.2) have a similar generalisation so that
1
TM2
(
+ 14∂µX
I∂µXJ∂νX
I∂νXJ − 18∂µXI∂µXI∂νXJ∂νXJ
)
→ 1TM2STr
(
+ 14DµX
IDµXJDνX
IDνXJ − 18DµXIDµXIDνXJDνXJ
)
. (3.63)
Thus, comparing with the 1/TM2 ansatz in Eq. (3.8) we find a = +dˆ = +
1
4 and b = − 12 dˆ = − 18 which
implies dˆ = + 14 . Having fixed the scale parameter the remaining numerical values of the coefficients
are3,
s1 = +
1
8 , f1 = +
1
24 , g1 = − 18 , a = + 14 ,
s2 = 0 , f2 = +
1
4 , g2 = +
1
4 , b = − 18 ,
3In comparing our results for the Lagrangian coefficients to those of [24] we find some differences: although the values
for the coefficients a, b, d-f and dˆ-gˆ match, in [24] non-zero values are assigned to mˆ and oˆ whereas we have found they
should be dropped from the A4 Lagrangian. For the remaining coefficients, c and hˆ-pˆ, we find the absolute values match
but that there is disagreement over signs.
12
s3 = +
1
4 , f3 = − 18 , g3 = − 14 , c = + 16 ,
s4 = − 18 , f4 = + 148 , g4 = + 14 , d = + 14 ,
s5 = +
1
24 , f5 = 0 , g5 = − 14 , e = − 124 ,
s6 = 0 , f6 = − 38 , g6 = − 12 , f = + 1288 ,
s7 = 0 , f7 = − 148 , g7 = + 18 , dˆ = + 14 ,
s8 = 0 , f8 = +
1
8 , g8 = 0 , eˆ = − 14 ,
s9 = +
1
4 , f9 = − 148 , g9 = 0 fˆ = + 124 , (3.64)
s10 = − 148 , f10 = + 18 , g10 = + 18 , gˆ = − 18 ,
s11 = +
1
8 , f11 = +
1
288 , g11 = 0 , hˆ = +
1
4 ,
g12 = 0 , iˆ = − 14 ,
g13 = 0 , jˆ = − 14 ,
g14 = +
1
4 , kˆ = +
1
8 ,
g15 = − 148 , lˆ = − 18 ,
nˆ = − 18 ,
pˆ = − 116 .
3.2 Closure of the Superalgebra
We have seen that the higher derivative corrected Euclidean BLG theory is invariant under our super-
symmetry ansatz. However, for a truly supersymmetric theory the supersymmetry transformations must
close on-shell on to translations and gauge transformations. In this section we show the superalgebra
does indeed close for the coefficients listed in Eq. (3.64). In the absence of cubic fermion terms in δ′XIa
and δ′A˜µ
b
a and quadratic fermions in δ
′ψa we are unable to close on the fermion field.
We present only our results as the detailed calculations are long. Our methodology in the closure
calculations is the same for both the scalar and gauge fields and we detail it here. We first separate
out certain terms according to their number of covariant derivatives and then insert the relevant super-
symmetry transformations. Next, we use the relation {Γµ,ΓI} = 0 to group all worldvolume Γ-matrices
together and then expand them out using the Clifford algebra relation. Following this, we perform the
(1 ↔ 2) anti-symmetrisation in the supersymmetry parameters making heavy use of Eq. (A.8). The
transverse Γ-matrix algebra is performed next and our calculations have again been helped by using the
symbolic computer package Cadabra [35][36]. Finally, we simplify the remaining expressions wherever
possible using the identities in Eqs. (3.22) and (3.23).
3.2.1 Closure on the Scalar Fields
The full supersymmetry transformations can be written as δ˜ = δ + δ′ where δ are the lowest order
variations and δ′ are the 1/TM2 corrections. Closure on the scalars then takes the form
[δ˜1, δ˜2]X
I
a = [δ1, δ2]X
I
a + (δ1δ
′
2 + δ
′
1δ2)X
I
a − (δ2δ′1 + δ′2δ1)XIa + [δ′1, δ′2]XIa . (3.65)
The lowest order commutator, [δ1, δ2]X
I
a , closes on to translations and gauge transformations [3] as we
have seen previously. The commutator [δ′1, δ
′
2]X
I
a is O(T−2M2) and can be ignored because we are not
considering the T−2M2 corrections to the supersymmetry transformations. The remaining mixed terms,
(δ1δ
′
2+δ
′
1δ2)X
I
a− (δ2δ′1+δ′2δ1)XIa , are the focus of this section and must be zero for the algebra to close.
As closing on the scalar field does not involve use of the equation of motion the mixed terms must be
zero either through symmetry arguments or by constraining the coefficients to be zero. Performing the
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supervariations we find that the resulting terms can be grouped according to the number of covariant
derivatives they contain. To begin, we consider terms which involve three covariant derivatives,
TM2 (δ1δ
′
2X
I
a + δ
′
1δ2X
I
a)3DX − (1↔ 2)
= + i(6f1 − 2s1 − 2s2)(ǫ¯2ΓJKΓµνλǫ1)DµXIbDνXJc DλXKd dbcda
+ i(2f2 + 2s2 − 2s3)(ǫ¯2Γµǫ1)DµXJb DνXIcDνXJd dbcda
+ i(2f3 − 2s2 − 2s4)(ǫ¯2Γµǫ1)DµXIbDνXJc DνXJd dbcda . (3.66)
Closure requires each of these terms is zero. Hence,
f1 =+
1
3s1 +
1
3s2 , f2 = −s2 + s3 , f3 = +s2 + s4 . (3.67)
Next, we consider terms which involve two covariant derivatives,
TM2 (δ1δ
′
2X
I
a + δ
′
1δ2X
I
a)2DX − (1↔ 2)
= + i(6f4 − s1 + 2s7)(ǫ¯2ΓJKLMΓµνǫ1)DµXJb DνXKc XILMd dbcda
+ i(4f4 − 13s2 − 2s5 − 2s6)(ǫ¯2ΓJKLMΓµνǫ1)DµXIbDνXJc XKLMd dbcda
+ i(2f5 + 2s1 − 6s5 + 2s8)(ǫ¯2ΓIKLMΓµνǫ1)DµXJb DνXKc XJLMd dbcda
+ i(2f6 + 2s1 + 2s9)(ǫ¯2Γ
µνǫ1)DµX
J
b DνX
K
c X
IJK
d d
bcd
a
+ i(6f7 − s4 + 2s7)(ǫ¯2ΓJKǫ1)DµXLb DµXLc XIJKd dbcda
+ i(2f8 − s3 + 6s6 + 2s8)(ǫ¯2ΓKLǫ1)DµXIbDµXJc XJKLd dbcda
+ i(−4f8 + 4s7 + 2s9)(ǫ¯2ΓKLǫ1)DµXJb DµXLc XIJKd dbcda . (3.68)
These two derivatives terms are then zero if
f4 =
1
6s1 − 13s7 , f4 = 112s2 + 12s5 + 12s6 , (3.69)
f5 = −s1 + 3s5 − s8 , f6 = −s1 − s9 , f7 = 16s4 − 13s7 , (3.70)
f8 =
1
2s3 − 3s6 − s8 , f8 = s7 + 12s9 . (3.71)
The terms which involve a single covariant derivative are
TM2 (δ1δ
′
2X
I
a + δ
′
1δ2X
I
a)1DX − (1↔ 2)
= + i(2f9 − 2s6 − 2s10)(ǫ¯2Γµǫ1)DµXIbXJKLc XJKLd dbcda
+ i(2f10 − 2s7 − 2s8 − 2s11)(ǫ¯2Γµǫ1)DµXJb XIKLc XJKLd dbcda . (3.72)
Closure requires
f9 = s6 + s10 , f10 = s7 + s8 + s11 . (3.73)
Finally, we consider those terms which contain no covariant derivatives,
TM2 (δ1δ
′
2X
I
a + δ
′
1δ2X
I
a)0DX − (1↔ 2) = + i
(
6f11 − s10 − 13s11
)
(ǫ¯2Γ
JKǫ1)X
IJK
b X
LMN
c X
LMN
d d
bcd
a ,
(3.74)
and we require
f11 =
1
6s10 +
1
18s11 . (3.75)
It is easily verified that the conditions for closure are satisfied when the f and s coefficients take the
values found in Eq. (3.64).
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3.2.2 Closure on the Gauge Fields
Closing the algebra on A˜µ gives
[δ˜1, δ˜2]A˜µ
b
a = [δ1, δ2]A˜µ
b
a + (δ1δ
′
2 + δ
′
1δ2)A˜µ
b
a − (δ2δ′1 + δ′2δ1)A˜µba + [δ′1, δ′2]A˜µba . (3.76)
As for the scalar field, the terms in [δ′1, δ
′
2]A˜µ
b
a can be ignored. The lowest order terms may be written
as
[δ1, δ2]A˜µ
b
a =+ 2i(ǫ¯2Γ
νǫ1)εµνλ
(
1
2ε
ρσλF˜ρσ
b
a + EAλab
)
− 2i(ǫ¯2ΓIJ ǫ1)XIcDµXJd f cdba , (3.77)
whereEAλab is the lowest order gauge field equation of motion. From the presence of covariant derivatives
in the higher derivative Lagrangian it follows that the gauge field equation of motion picks up 1/TM2
corrections. Hence for on-shell closure we require the mixed terms make the following contribution to
the higher order equation of motion
(δ1δ
′
2 + δ
′
1δ2)A˜µ
b
a − (1↔ 2) = + 2iTM2 (ǫ¯2Γνǫ1)εµνλE′Aλab (3.78)
= + 2iTM2 (ǫ¯2Γ
νǫ1)εµνλ
(
+ 4aDλXJe D
ρXJf DρX
I
gX
I
c + 4bD
λXIeD
ρXJfDρX
J
gX
I
c
)
defgdf
cdb
a
+ 2iTM2 (ǫ¯2Γ
νǫ1)εµνλ
(
+ 3c ερσλDρX
J
e DσX
K
f X
IJK
g X
I
c
)
defgdf
cdb
a
+ 2iTM2 (ǫ¯2Γ
νǫ1)εµνλ
(
+
(
2
3d+ 2e
)
DλXIeX
JKL
f X
JKL
g X
I
c
)
defgdf
cdb
a
+O(ψ2) , (3.79)
with all others terms in (δ1δ
′
2 + δ
′
1δ2)A˜µ
b
a − (1 ↔ 2) being zero. Once again, the closure terms can be
neatly split according to their number of covariant derivatives. We first consider terms which involve
three covariant derivatives,
TM2 (δ1δ
′
2A˜µ
b
a + δ
′
1δ2A˜µ
b
a)3DX − (1↔ 2)
= + i(2f2 − 2g5 − 2g6)εµνλ(ǫ¯2Γνǫ1)XIcDρXIeDλXJf DρXJg defgdf cdba
+ i(2f3 − 2g1 + 2g6)εµνλ(ǫ¯2Γνǫ1)XIcDλXIeDρXJf DρXJg defgdf cdba
+ i(−2g2 + 2g3 − 2g6)ενλρ(ǫ¯2Γνǫ1)XIcDλXIeDµXJf DρXJg defgdf cdba
+ i(−2g3 + 2g5 − 2g8)(ǫ¯2ΓJKǫ1)DµXJe DνXKf DνXIgXIc defgdf cdba
+ i(−6f1 + 2g7 + 2g8)ενλρ(ǫ¯2ΓIJKLΓρǫ1)XIcDµXJe DνXKf DλXLg defgdf cdba
+ i(2f3 − 2g1 − 2g8)(ǫ¯2ΓIJǫ1)XIcDµXJe DνXKf DνXKg defgdf cdba
+ i(2f2 − 2g2 + 2g8)(ǫ¯2ΓIKǫ1)XIcDµXJeDνXJfDνXKg defgdf cdba . (3.80)
The first and second terms form part of the higher derivative equation of motion and after comparing
with Eq. (3.79) we find
2f2 − 2g5 − 2g6 = 8a , 2f3 − 2g1 + 2g6 = 8b . (3.81)
The remaining coefficients must be zero for closure of the superalgebra. Hence,
f1 =
1
3g7 +
1
3g8 , f2 = g2 − g8 , f3 = g1 + g8 , (3.82)
g2 − g3 + g6 = 0 , g3 − g5 + g8 = 0 . (3.83)
Next we consider terms which involve two covariant derivatives,
TM2 (δ1δ
′
2A˜µ
b
a + δ
′
1δ2A˜µ
b
a)2DX − (1↔ 2)
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= + i(4f6 + 2g8 − 2g11 − 2g14)(ǫ¯2Γνǫ1)XIcDµXJe DνXKf XIJKg defgdf cdba
+ i(2f5 + 2f6 − g6 + 2g7 + 6g9)εµνλ(ǫ¯2ΓKLǫ1)XIcDνXIeDλXJf XJKLg defgdf cdba
+ i(4f5 + 4g7 − 4g10 + 2g11)εµνλ(ǫ¯2ΓKLǫ1)XIcDνXJe DλXLf XIJKg defgdf cdba
+ i(2f8 + g5 − 6g9)(ǫ¯2ΓµΓIJKLǫ1)XIcDνXJe DνXMf XKLMg defgdf cdba
+ i(12f4 − 2f5 + g3 − g8 + 6g9)(ǫ¯2ΓνΓIJLM ǫ1)XIcDµXJeDνXKf XKLMg defgdf cdba
+ i(−12f4 + 2f5 + g4 + g8 − 6g12)(ǫ¯2ΓνΓIJKLǫ1)XIcDνXJe DµXMf XKLMg defgdf cdba
+ i(12f4 − g8 − 2g10 − 2g13)(ǫ¯2ΓνΓJKLMǫ1)XIcDµXJe DνXKf XILMg defgdf cdba . (3.84)
The first term contributes to the gauge field equation of motion. After multiplying out the ε-tensors in
Eq. (3.79) we find that closure on-shell requires
4f6 + 2g8 − 2g11 − 2g14 = −12c . (3.85)
The remaining terms are zero provided
f4 =
1
12g8 +
1
6g10 +
1
6g13 , (3.86)
6f4 − f5 = − 12g3 + 12g8 − 3g9 , 6f4 − f5 = 12g4 + 12g8 − 3g12 , (3.87)
f5 = −g7 + g10 − 12g11 , (3.88)
f5 + f6 =
1
2g6 − g7 − 3g9 , f8 = − 12g5 + 3g9 . (3.89)
The terms which involve a single covariant derivative are
TM2 (δ1δ
′
2A˜µ
b
a + δ
′
1δ2A˜µ
b
a)1DX − (1↔ 2)
= + i(2f9 +
2
3f10 + 2g9 +
2
3g10 − 2g15)(ǫ¯2Γνǫ1)εµνλDλXIeXJKLf XJKLg XIc defgdf cdba
+ i(2f9 − 23g13 − 2g15)(ǫ¯2ΓIJǫ1)DµXJe XKLMf XKLMg XIc defgdf cdba
+ i(2f10 + 2g13 − g14)(ǫ¯2ΓLMǫ1)DµXJe XIJKf XKLMg XIc defgdf cdba .
The first term forms part of the gauge field equation of motion. Comparing with Eq. (3.79) we see that
2f9 +
2
3f10 + 2g9 +
2
3g10 − 2g15 = + 43d+ 4e . (3.90)
The remaining coefficients must be zero hence,
f9 =
1
3g13 + g15 , f10 = −g13 + 12g14 . (3.91)
Next we consider terms which involve no covariant derivatives,
TM2 (δ1δ
′
2A˜µ
b
a + δ
′
1δ2A˜µ
b
a)0DX − (1↔ 2)
= + i
(
2f11 − 13g15
)
(ǫ¯2ΓµΓ
IJKLǫ1)X
JKL
e X
MNO
f X
MNO
g X
I
c d
efg
df
cdb
a . (3.92)
At first sight we should take the coefficient to be zero however, using the identity (3.23) we can show that
the term is zero independently of its coefficient and consequently this part of algebra closes automatically.
Once more it is easy to verify that all the gauge field closure conditions are satisfied by the coefficients
listed in Eq. (3.64).
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3.3 Summary of Results
In summary, we have found that the maximally supersymmetric higher derivative corrected Lagrangian
of the A4 BLG theory, to lowest non-trivial order in fermions, is
L = LBLG + 1TM2STr
{
+ 14 D
µXIDµX
JDνXJDνX
I − 18 DµXIDµXIDνXJDνXJ
+ 16 ε
µνλXIJKDµX
IDνX
JDλX
K
+ 14 X
IJKXIJLDµXKDµX
L − 124 XIJKXIJKDµXLDµXL
+ 1288 X
IJKXIJKXLMNXLMN
+ i4 ψ¯Γ
µΓIJDνψDµX
IDνX
J − i4 ψ¯ΓµDνψDµXIDνXI
+ i24 ψ¯Γ
IJKLDνψ XIJKDνX
L − i8 ψ¯ΓIJDνψ XIJKDνXK
+ i4 ψ¯Γ
IJ [XJ , XK , ψ]DµXIDµX
K
− i4 ψ¯Γµν [XI , XJ , ψ]DµXIDνXJ − i4 ψ¯ΓµνΓIJ [XJ , XK , ψ]DµXIDνXK
+ i8 ψ¯Γ
µΓIJ [XK , XL, ψ]DµX
IXJKL − i8 ψ¯Γµ[XI , XJ , ψ]DµXKXIJK
− i8 ψ¯ΓµΓIJ [XK , XL, ψ]DµXLXIJK
− i16 ψ¯ΓIJ [XK , XL, ψ]XIJMXKLM
}
. (3.93)
The preceding Lagrangian is invariant under the following N = 8 supersymmetry transformations;
δXIa = i(ǫ¯Γ
Iψa) +
1
TM2
{
+ i8 (ǫ¯Γ
IJKΓµνψb)DµX
J
c DνX
K
d d
bcd
a
+ i4 (ǫ¯Γ
Jψb)DµX
I
cD
µXJd d
bcd
a
− i8 (ǫ¯ΓIψb)DµXJc DµXJd dbcda
+ i24 (ǫ¯Γ
IJKLMΓµψb)DµX
J
c X
KLM
d d
bcd
a
+ i4 (ǫ¯Γ
MΓµψb)DµX
J
c X
IJM
d d
bcd
a
− i48 (ǫ¯ΓIψb)XJKLc XJKLd dbcda
+ i8 (ǫ¯Γ
Lψb)X
JKL
c X
JKI
d d
bcd
a
}
, (3.94)
δψa = Γ
µΓIǫDµX
I
a − 16ΓIJKǫXIJKa + 1TM2
{
+ 124Γ
JKLΓµνλǫDµX
J
b DνX
K
c DλX
L
d d
bcd
a
+ 14Γ
KΓµǫDµX
J
b DνX
J
c D
νXKd d
bcd
a
− 18ΓKΓµǫDµXKb DνXJc DνXJd dbcda
+ 148Γ
JKLMNΓµνǫDµX
J
b DνX
K
c X
LMN
d d
bcd
a
− 38ΓMΓµνǫDµXJb DνXKc XJKMd dbcda
− 148ΓKLMǫDµXJb DµXJc XKLMd dbcda
+ 18Γ
KLMǫDµX
J
b D
µXKc X
JLM
d d
bcd
a
− 148ΓJΓµǫDµXJb XKLMc XKLMd dbcda
+ 18Γ
MΓµǫDµX
J
b X
JKL
c X
KLM
d d
bcd
a
+ 1288Γ
NOP ǫXJKLb X
JKL
c X
NOP
d d
bcd
a
}
, (3.95)
δA˜µ
b
a = iǫ¯ΓµΓIX
I
cψdf
cdb
a +
1
TM2
{− i8 (ǫ¯ΓµΓIψe)DνXJfDνXJgXIc defgdf cdba
+ i4 (ǫ¯Γ
νΓIψe)DµX
J
fDνX
J
g X
I
c d
efg
df
cdb
a
− i4 (ǫ¯ΓνΓJψe)DµXJfDνXIgXIc defgdf cdba
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+ i4 (ǫ¯Γ
νΓJψe)DµX
I
fD
νXJgX
I
c d
efg
df
cdb
a
− i4 (ǫ¯ΓµΓJψe)DνXJfDνXIgXIc defgdf cdba
− i2 (ǫ¯ΓµνλΓJψe)DνXJfDλXIgXIc defgdf cdba
+ i8 (ǫ¯ΓµνλΓ
IJKψe)D
νXJf D
λXKg X
I
c d
efg
df
cdb
a
+ i8 (ǫ¯ΓµνΓ
JLMψe)D
νXJf X
ILM
g X
I
c d
efg
df
cdb
a
+ i4 (ǫ¯Γ
Mψe)DµX
J
f X
IJM
g X
I
c d
efg
df
cdb
a
− i48 (ǫ¯ΓµΓIψe)XJKLf XJKLg XIc defgdf cdba
}
. (3.96)
4 Conclusions and Outlook
In this paper we have determined the four-derivative order corrections to both the supersymmetry trans-
formations and Lagrangian of the A4 Bagger-Lambert-Gustavsson theory. Supersymmetric invariance
of the Lagrangian requires that the arbitrary coefficients in the system are fixed up to an overall scale
parameter and by reference to the abelian DBI action for a single M2-brane, the scale parameter is
itself fixed leading to definite numerical values for all the coefficients. We have also shown that the
supersymmetry algebra closes on-shell on to the scalar and gauge fields at linear order in the fermions.4
In establishing these results we have made use of the identity f [abcdfe]fgh = 0, which is trivially
satisfied by the structure constants of the A4 3-algebra as fabcd ∝ ǫabcd and a, b, c, d ∈ {1, 2, 3, 4}.
However, the Lorentzian and other non-Euclidean 3-algebras of [9]-[14] do not necessarily satisfy this
identity and it is clear that our results do not hold for these wider classes of theories. Therefore, to
extend our results to the non-Euclidean BLG theories we must abandon use of the identities which
follow from f [abcdfe]fgh = 0 i.e. Eqs. (3.6), (3.7), (3.22) and (3.23). Consequently, we should reinstate
the g, mˆ and oˆ terms in L1/TM2 (3.1) as well as adding terms to the order 1/TM2 supersymmetry
transformations. The coefficients of the new terms would then be determined by repeating the analysis
in this paper. We hope to report on the extension of this work to real, non-Euclidean 3-algebras in the
future.
This work is incomplete in the sense that we have only worked to lowest order in fermions. The quartic
fermion terms in the action, which coincide for the Lorentzian [23] and Euclidean [24] BLG theories, are
known. Incorporating higher fermions in the supersymmetry transformations would, in principle, allow
us to verify that the entire theory at O(1/TM2) is maximally supersymmetric and additionally, to close
the superalgebra on all the fields. To proceed at this level would require the addition of supersymmetry
transformations of the form
TM2 δ
′X =+ (ǫ¯Γψ)(ψ¯ΓDψ) + (ǫ¯Γψ) ψ¯Γ[ψ,X,X ] , (4.1)
TM2 δ
′A˜ =+ (ǫ¯Γψ)(ψ¯ΓDψ)X + (ǫ¯Γψ) ψ¯Γ[ψ,X,X ]X , (4.2)
TM2 δ
′ψ =+ Γǫ(ψ¯ΓDψ)DX + Γǫ(ψ¯ΓDψ)[X,X,X ]
+ Γǫ ψ¯Γ[ψ,X,X ]DX + Γǫ ψ¯Γ[ψ,X,X ][X,X,X ] . (4.3)
The most general starting point would then involve taking all independent Lorentz invariant combina-
tions. However, the presence of two sets of Γ-matrices in the supersymmetries allows for many ways of
contracting Lorentz indices and also brings into play the transverse duality relation ⋆Γ(n) ∝ ε(8)Γ(8−n).
In addition, the cubic fermions in Eqs. (4.1) and (4.2) can be rearranged using the Fierz relation. The
impact of these features is to obscure which terms are independent so that even the starting point is
difficult to determine. Moreover, the subsequent invariance and closure calculations would involve heavy
4With the coefficients we have determined, it can also be demonstrated that the presence of higher derivative corrections
in the fermion supersymmetry does not modify the BPS equation [2]: dX
a
d(x2)
= − i
6
εabcdXbcd.
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use of the Fierz rearrangement and consequently represent a formidable computational challenge which
we leave for the time being.
In certain circumstances, the Euclidean BLG theory has a spacetime interpretation of describing
two M2-branes. The theory which describes N M2-branes is the ABJM theory [15] with gauge group
U(N)× U(N). This theory has manifest N = 6 supersymmetry5 together with an SU(4) R-symmetry
and can be formulated using complex 3-algebras [38]. With the exception of the abelian U(1) × U(1)
theory [39], the order 1/TM2 higher derivative extension of the ABJM model has not been examined.
Possible methods of approaching the ABJM higher derivative extension have been discussed in
[24] and [29]. A separate brute force approach is simply to consider the most general action and
supervariations which are consistent with all symmetries of the system and try to demonstrate invariance
and closure as we have done here for the A4 BLG theory. It is conceivable that the arbitrary coefficients
in the 1/TM2 extension of ABJM can likewise be determined up to an overall scaling parameter. It
would then remain to fix this scale parameter and there are at least two possible ways of doing this.
First, we could directly compare against multiple D2-branes written in a suitable complex format by
using the ‘novel Higgs mechanism’ for ABJM [26][27] or perhaps by taking an infinite periodic array of
M2-branes [40]. Secondly we could re-write the results of this paper in complex SU(2) × SU(2) form
[41] and exploit the equivalence, at levels k = 1 and 2, of the U(2)×U(2) ABJM and A4 BLG theories.
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A Conventions and Useful Identities
All spinorial quantities are those of the eleven-dimensional Clifford algebra with mostly plus metric, and
are taken to be real. We denote the M2-brane worldvolume indices by µ, ν, . . . = 0, 1, 2 and transverse
indices by I, J, . . . = 3, 4, . . . , 10. The unbroken supersymmetry parameters, which are 16 component
Majorana-Weyl spinors, satisfy the following chirality conditions
Γ012ǫ =+ ǫ , (A.1)
Γ012ψ =− ψ . (A.2)
From the chirality conditions and the choice ε012 = −1, we deduce the following M2-brane worldvolume
Γ-matrix duality relations
Γµνλǫ = −εµνλǫ , Γνλǫ = −εµνλΓµǫ , Γλǫ = + 12εµνλΓµνǫ , (A.3)
Γµνλψ = +εµνλψ , Γνλψ = +εµνλΓ
µψ , Γλψ = − 12εµνλΓµνψ . (A.4)
The Γ-matrices have transposes given by;
(
Γ(µn)
)T
= (−1) 12n(n+1)CΓ(µn)C−1 =
{
−CΓ(µn)C−1 if n = 1 or 2,
+CΓ(µn)C−1 if n = 3,
(A.5)
(
Γ(Im)
)T
= (−1) 12m(m+1)CΓ(Im)C−1 =
{
−CΓ(Im)C−1 if m = 1, 2, 5 or 6,
+CΓ(Im)C−1 if m = 3, 4, 7 or 8,
(A.6)
5This is enhanced to N = 8 when the Chern-Simons level takes the values k = 1, 2 [15][37].
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where C = Γ0 is the anti-symmetric charge conjugation matrix and we denote by Γ
(µn) and Γ(Im) the
totally anti-symmetric product of n worldvolume and m transverse Γ-matrices respectively. Using the
transpose properties (A.5) and (A.6) together with {ΓI ,Γµ} = 0 we find for any two spinors χ and λ
χ¯Γ(Im)Γ(Jn)Γ(µp)λ =(−1)θ(m,n,p)λ¯Γ(Jn)Γ(Im)Γ(µp)χ , (A.7)
where θ(m,n, p) = p(m+ n) + 12m(m+ 1) +
1
2n(n+ 1) +
1
2p(p+ 1). Hence for χ = ǫ2 and λ = ǫ1
ǫ¯2Γ
(Im)Γ(Jn)Γ(µp)ǫ1 − (1↔ 2) =


ǫ¯2
[
Γ(Im),Γ(Jn)
]
Γ(µp)ǫ1 if (−1)θ(m,n,p) = +1,
ǫ¯2
{
Γ(Im),Γ(Jn)
}
Γ(µp)ǫ1 if (−1)θ(m,n,p) = −1.
(A.8)
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